
I/Q diagram of coupled system 
and logarithmic singularity

Yutong Zhao 

Nov 18th 2019



𝑆21 = 1 −
𝜅1

𝑖 𝜔 − 𝜔1 + 𝜅 + 𝛾

S21 =
[𝑖 𝜔 − 𝜔1 + 𝛾1] 𝑖 𝜔 − 𝜔1 + 𝜅1 + 𝛾1

𝑖 𝜔 − 𝜔1 + 𝜅1 + 𝛾1 𝑖 𝜔 − 𝜔1 − 𝜅1 − 𝛾1

=
𝜔 − 𝜔1

2 + 𝛾1 𝛾1 + 𝜅1 + 𝑖𝜅1 𝜔 − 𝜔1

𝜔 − 𝜔1
2 + 𝜅1 + 𝛾1

2

𝑋 = 𝑟𝑒𝑎𝑙 𝑆21 =
𝜔 − 𝜔1

2 + 𝛾1 𝛾1 + 𝜅1
𝜔 − 𝜔1

2 + 𝜅1 + 𝛾1
2

𝑌 = 𝑖𝑚𝑎𝑔 𝑆21 =
𝜅1 𝜔 − 𝜔1

𝜔 − 𝜔1
2 + 𝜅1 + 𝛾1

2

𝑋 − 𝑋𝐶
2 + 𝑌2 = 𝑅2

𝑋𝐶 = 1 −
𝜅1

2(𝜅1 + 𝛾1)
𝑅 =

𝜅1
2(𝜅1 + 𝛾1)

𝑅

Transmission of a single resonance

Realising the Denominator

Define the variable

𝑟𝑒𝑎𝑙 𝑆21

𝑖𝑚𝑎𝑔 𝑆21

Case 0: Empty Cavity



𝑆21 = 1 −
𝜅1

𝑖 𝜔 − 𝜔1 + 𝜅1 + 𝛾1 +
𝑔2

𝑖 𝜔 − 𝜔2 + 𝜅2 + 𝛾2

Assume that 𝜔 ≈ 𝜔2, near the resonance frequency of 2

𝑆21 = 1 −
𝜅1

𝑖Δ + 𝜅1 + 𝛾1 +
𝑔2

𝑖 𝜔 − 𝜔2 + 𝜅2 + 𝛾2

𝑆21 = 1 −
𝜅1

𝜅1 + 𝛾1
+

1

𝜅1 + 𝛾1
2

𝑔2

𝑖 𝜔 − 𝜔2 + 𝜅2 + 𝛾2

1

𝑐 + 𝑥
=
1

𝑐
−

1

𝑐2
𝑥 +

1

𝑐3
𝑥2 +⋯

We set Δ = 0 for simplification

Taylor expansion near 𝜔2

Case 1: Coherent coupling (𝑔∈ℝ) 

Constant
(fixed point on circle)

The trajectory of 𝜔2

Transmission of a coupled system



𝑔2[𝑖 𝜔 − 𝜔2 + 𝜅2 + 𝛾2]

𝑖 𝜔 − 𝜔2 + 𝜅2 + 𝛾2 𝑖 𝜔 − 𝜔2 − 𝜅2 − 𝛾2

𝑋′ =
𝑔2 𝜅2 + 𝛾2

𝜔 − 𝜔2
2 + 𝜅2 + 𝛾2

2

𝑌′ =
𝑔2(𝜔 − 𝜔2)

𝜔 − 𝜔2
2 + 𝜅2 + 𝛾2

2

𝑋′2 + 𝑌′
2
= 𝑅′2

𝑅′ = 𝑔2/ 𝜅1 + 𝛾1
2

𝑅′

Realising the Denominator

Define expanded variables

𝑋𝑐2 = 1 −
𝜅1 𝜅1 + 𝛾1 − 𝑔2

𝜅1 + 𝛾1
2 𝑋𝑐2 inside circle 1 → Incircle



Case 2: Dissipative coupling (𝑔∈𝕀) 

𝑋′ = −
𝑔 2 𝜅2 + 𝛾2

𝜔 − 𝜔2
2 + 𝜅2 + 𝛾2

2

𝑌′ = −
𝑔 2(𝜔 − 𝜔2)

𝜔 − 𝜔2
2 + 𝜅2 + 𝛾2

2

𝑋′2 + 𝑌′
2
= 𝑅′2

𝑅′ = −|𝑔|2/ 𝜅1 + 𝛾1
2

Expanded variables

𝑋𝑐2 outside circle 1 → Excircle𝑋𝑐2 = 1 −
𝑔2 + 𝜅1(𝜅1 + 𝛾1)

𝜅1 + 𝛾1
2



Case 1: Coherent coupling (𝑔∈ℝ) 



Case 2: Dissipative coupling (𝑔∈𝕀) 



Case 3: From Coherent to Dissipative coupling (𝑔∈𝕀 → ℝ at Δ = 0) 

𝐽 = 𝑟𝑒𝑎𝑙(𝑔 ⋅ 𝑒𝑖𝜙)

Γ = 𝑖𝑚𝑎𝑔(𝑔 ⋅ 𝑒𝑖𝜙)



The complex function of S21 (transmission in log scale) is everywhere analytical except at the ZDCs.

→ logarithmic singularity when S21 = 0

Scattering efficiency

lim
𝜔→𝜔𝑍𝐷𝐶

log10 𝑆21 = −∞
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-40dB = 0.01(mag)

Zero point

Case 0: Empty Cavity



Case 1: Coherent coupling (𝑔∈ℝ) 

Zero point



Case 2: Dissipative coupling (𝑔∈𝕀) 
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Case 1: Coherent coupling (𝑔∈ℝ) Case 2: Dissipative coupling (𝑔∈𝕀) 



Conclusion

• Coherent coupling is limited by the original circle of resonator 1. 

• Dissipative coupling breaks the limitation of the coherent coupling and 

can reach logarithmic singular point that produce ZDC. 

• The two π phase jump come from the I/Q curve includes the origin.



𝑆21 = 1 −
𝜅

𝑖 𝜔𝑐 − 𝜔 + 𝜅 + 𝛾

𝑑 𝑆21
𝑑𝜔

𝛾 =
𝑑 𝑆21
𝑑 𝑆21

2

𝑑 𝑆21
2

𝑑𝜔

Numerical result: 

𝑄𝐿𝑜𝑎𝑑𝑒𝑑 ~ 𝜅
𝑄𝑢𝑛𝐿𝑜𝑎𝑑𝑒𝑑 ~ 𝛾

For S = 200 dB/MHz, the equivalent Qu = 46,000 
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Qu = 46,000 

Qu = 73,800

Equivalent Q factor of hybridized modes




